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Abstract. This paper is devoted to the study of directional minimal time functions that specify 
' the minimal time for a vector to reach an object fohowing its given direction. We provide a careful 

^ ' analysis of general and generalized differentiation properties of this class of functions. The analysis 

• allows us to study a new model of facility location that involves sets. This is a continuation of our 
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effort in applying variational analysis to facility location problems. 
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■ 1 Introduction and Preliminaries 

. 

Let X be a real normed linear space. Given a vector v £ X , v ^ 0, and a nonempty 
closed set OCX, the directional minimal time function with direction v and target set Q 
is defined by 

■ T^{x;n) :=mi{t>0\ x + tv en}. (1) 

m ; 

, This class of functions is similar to the class of scalarization functions that has been used 

to study vector optimization problems: 



(p^{x;n) := mf{t eR\ X + tv £ n}; (2) 
see [6, 11] and the references therein. We will see later on that if v G r^oo, then 

r„(x;$7) = max{93„(x;$7),0} Vx G X. 



Lipschitz properties and a formula for computing sub differentials in the sense of convex 
analysis of scalarization functions were studied in [11], but generalized differentiation prop- 
erties involving nonconvex structures have not been considered in the literature. Notice that 
the directional minimal time function (1) is a particular case of general minimal time func- 
tions considered, e.g., in [5, 8] and the references therein. However, the specific structure 
of the function makes it distinct from the general case. 

In this paper, we mainly study generalized differentiation properties the directional 
minimal time function (1) and the scalarization function (2), as well as applications to 
facility location problems. The location model that motivates our study is a generalized 
version of the celebrated Fermat-Torricelli problem: given a finite number of nonempty 
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closed target sets ilj for i = 1, . . . ,n and n nonzero vectors Vi for i = 1, . . . , n, along with 
a nonempty closed constraint set Qq, find a point x £ Qq to place the initial points of the 
vectors such that the total times for the vectors to reach the target sets is minimal. This 
problem can be modeled as the following optimization problem: 

n 

minimize r„^(3;; fij) subject to x G Qq. (3) 

1=1 

The location model of this type seems to be very interesting, but it has not been considered 
in the literature even in the convex case. Since the functions involved in the problem 
are not differentiable in general, our approach involves developing new tools of modern 
variational analysis for these functions and apply them to solve the problem. Let us recall 
basic definitions and properties of variational analysis that will play an important role in 
the sequel. 

Let Q C X and let x £ Q. A vector x* E X* is called a Frechet normal to at x if 

(x*, X — x) < o(||x — x||) for X £ fl. 

The set of all Frechet normals to at x is called the Frechet normal cone to at x, denoted 
by N{x;n). 

A vector x* G X* is called a Mordukhovich/limiting normal to 17 at x if there are se- 
quences Xk X and x^ x* with x^ G N{xk] ^2) for every k. The set of all Mordukhovich 
normals to at x is called the Mordukhovich/limiting normal cone to the set at this point. 
In this definition, the notation x^ x means that x^ — t- x and x^ G for every k. 

Let tp : X ^ (—00,00] be an extended real-valued function and let x be an element of 
the domain of the function dom %p := {x £ X \ 'ip{x) < 00}. The Frechet subdifferential of 
'i/' at X is defined by 

d'4){x) := {x* G X* I (x*, X — x) < '4){x) — '4){x) + o(||x — x||)} for x £ X. 

The Mordukhovich/limiting subdifferential of ^ip at x, denoted by dtjj{x), is the set of all 
vectors x* G X* such that there exist sequences x^ ^ x, and x^ G d'il}{xi^) with x^ x*, 

where x^ — > x means that x^ — t- x and ip{xj^) — t- ip{x). 

In the case where the set il. is convex or the function ip is convex, the corresponding 
Frechet normal cone and subdifferential structures reduce respectively to those in the sense 
of convex analysis. If X is a Banach space, then the same holds for the limiting structures. 

The singular subdifferential of tp at x, denoted by d^ip{x), is the set of all vectors 
X* G X* such that there exist sequences J, 0, x^ x, and x^ G d'ip{xk) with A^x^ x*, 
where x^ — )• x means that x^ — >• x and ip{xk) — ?• ipix), and A^ J, means that A^ — )■ and 
Afc > for every k. This subdifferential structure is particularly important in recognizing 
the Lipschitz continuity of functions; see, e.g., [7, Theorem 3.52] and [10, Theorem 9.13]. 

The paper is organized as follows. Section 2 presents general properties of the directional 
minimal time function (1). In Section 3, we study generalized differentiation properties of 
the function that involve various kinds of subdifferential structures in convex and nonconvex 
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settings. Although some results in Section 2 and 3 can be derived from [8], we provide 
detailed simplified proofs for the convenience of the reader. Section 4 is devoted to the 
study of Lipschitzian properties using both direct and generalized differentiation approaches. 
Finally, in Section 5, we apply the results from the previous sections to study location 
problems (3). 

Throughout the paper, we use the following standing assumptions unless otherwise 
stated: is a nonempty closed subset of a real normed linear space X\ ?; is a nonzero 
vector in X. Moreover, when there is no risk of confusion, we will use T instead of T^,(-, $7) 
and if instead of 17). For a nonzero vector u G X, we will use the following notations: 

cone{t;} := {At; | A > 0} = M+v, 
span {v] := {Xv\ XeM} = Mv, 
{v}+ ■= {x* G X* I {x*,v) > 0}, 
{v}^ ■={x* £X* I {x\v) =0}. 

2 General Properties 

Let us start with simple representations of the domain and the epigraph of the directional 
minimal time function (1). Recall that the recession cone of il. is given by 

f^oo ■= {u £ X \ Lo + Xu £ Q for all oj £ Q and for all A > 0}. 

Proposition 2.1 The domain of the directional minimal time function (1) is given by 

dom T = Q — cone {v}. 

Suppose further that v G fioo- Then 

dom T = Q — span {v}, (4) 
epiT = {{x,t)eX xR\t>0,x + tven}, (5) 

and 

T(x) = max{(/7(x),0} Vx G X. (6) 

Proof: By the definition, 

dom T = {x ^ X \ T{x) < oo} 

= {x£X\x + tv£Q for some t > 0} 
= {x£X\x£n — tv for some t > 0} 
= Q — cone {v}. 

Assume that v G ^oo- For any x £ Q — span {v}, one has x = uj — Xv, where cj G 
and A G M. If A > 0, then x £ — cone {v} = dom T. In the case A < 0, since v G Ooo, 
one has x = lo + i—X)v G C dom T. Thus, (4) holds in this case. The proof for (5) is 
straightforward. 
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The inequality > in (6) (even for arbitrary v) is obvious. Let max{ip{x),0} < A. By the 
definition of (p, there exists t E (—00, A) such that x+tv £ Q. Then x+\v = x+tv+{X—t)v E 
+ M+u = 0, and so T{x) < A. It fohows that T{x) < max{(^(x), 0} . □ 

Remark 2.2 The scalarization function associated with and v was introduced by Gerste- 
witz (Tammer) and Iwanow [6] as in (2). This function has been used extensively in vector 
optimization; see [11] and the references therein. Two important properties of 93„(-;il) are: 

ipT;{x + tv; = tpvix; Q) — t for all x E X, t E M, (7) 

and 

However, r„(-;f]) > Ti,{-]Q. + M+f) in general. This can be seen by taking X = M^, 
n = [-1,1] X [-1,1], and V = (1,0). 

Proposition 2.3 The infimum in the directional minimal time function (1) always attains 
for any x E dom T. That means 

I[y{x-^l) ■.= x + T{x)v E 

for all X E dom T . In fact, Iiv{x] fi) E bd for all x with T[x) E (0, 00). 

Proof: Let x E dom T and let t := T{x). Then there exists a sequence tk ^ t with 
tfc G [0, 00) and x + tkV E for every k. Thus, x + tv £ since Q, is closed. Suppose 

t E (0,00) and IIy{x;n) ^ bd Then Ili,{x;Q) E int il., so there exists 6 > such that 

S S 6 

x + tv + IB{0; (5) C and - — - < t. Then x + tv— - — -v E 0,. This implies t = T{x) < t— - — -, 

\\v\\ \\v\\ \\v\\ 

which is a contradiction. □ 

For any x E dom T, the element Ilv{x; Q) = x + T[x)v is called the projection from x 
to with respect to the directional minimal time function (1). 

Proposition 2.4 For any a E M, define 

Ca:={x£X\ T{x) < a} and C< := {x e X \ T{x) < a}. 

Then 

£a = ^- [0, a]v and C<=9.- [0, a)v for a > 0. (8) 
The equality T{x) = holds if and only if x £ Q. Moreover, T is lower semicontinuous. 

Proof: The proof of (8) is obvious. Suppose x E 0. Then x + Of E $7, so T[x) < 0, and 
hence T{x) = 0. Now suppose T{x) = 0. Then x + T{x)v = x E 0. Since is closed for 
every a E M (£q, being empty for a < 0), the function T is lower semicontinuous. □ 

Remark 2.5 Because T is Isc, in the case v E Oqo, by (6), we have that T and ip coincide 
on a neighborhood of x for any x £ X with T(x) > 0. This shows that the properties of T 
proved at elements x £ X with T{x) > can be extended to similar properties of (p [having 
in view also (7)]. 
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Proposition 2.6 The function T is convex if and only if Q is convex. 
Proof: Suppose that 0, is convex. Fix xi,X2 G dom T and A G (0, 1). Then 

xi + T{xi)v G and X2 + T{x2)v G Jl. 
Since Vt is convex, this imphes 

\xi + (1 - A)x2 + [\T{xi) + (1 - A)r(x2)]t; G 

Thus, 

T(Axi + (1 - A)x2) < Ar(xi) + (1 - \)T{x2). 
Conversely, if T is convex, then {x G X | T(x) < 0} = is convex. □ 
We are now going to study the strict convexity of T. For a, 6 G X, let 

[a,h] := {ta + {l-t)b \ t G [0,1]} 

be the line segment connecting the two points. 

A set il. is called strictly convex if for any xi,X2 G xi 7^ X2, and for any t G (0, 1), 
one has txi + (1 — t)x2 G int 0. 

Proposition 2.7 Suppose that [a,b] C dom T\Q and b — a ^ spanj-y}. If Q is strictly 
convex, then T is strictly convex on [a, b] . 

Proof: Suppose by contradiction that xi,X2 G [a, 6], xi 7^ X2, a G (0, 1) and 
T{axi + (1 — a)x2) = aT{xi) + (1 — a)r(x2) > 0. 

Then 

n^(axi + (1 — a)x2; ^) = axi + (1 — a)x2 + T(axi + (1 — a)x2)f 

= a{xi + T(xi)-y) + (1 - a)(x2 + T{x2)v) 
= aUy{xi; $7) + (1 - a)n„(x2; 

Since xi, X2 G dom T and xi — X2 ^ Mt;, one has that n^,(xi; Q) ^ JIv{x2; ^i). Consequently, 

an„(xi; ri) + (1 — a)Ili,{x2] 0.) G int Q, 

which is a contradiction since the projection must belong to the boundary of Q by 
Proposition 2.3. □ 

Proposition 2.8 Fix x G dom T. One always has 

T{x + \v) = T{x) -XforanyO<X< T{x). (9) 

For A > 0, suppose further that x — 77; ^ for every 7 G (0, A] . Then 

T(x - \v) = r(x) + A. 

Moreover, 

Tlx + tv) > max{r(x) - t, 0} for all x e X and t > 0, (10) 
and the equality holds if v £ ^00 ■ 
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Proof: Since x + T[x)v £ 0, one has x + Xv + (T{x) — X)v E Cl. Thus, 

T{x + Xv) < T{x) - A < oo. 

Let us show that 

T{x)<X + T{x + Xv). (11) 
Indeed, one can assume t := T{x + Xv) < oo. Then 

X + Xv + tv G ^l. 

This implies T(x) < A + t, and the result follows. From (11), one has T{x) — X < T(x + Xv), 
and hence (9) holds. 

Let us now prove the second equality under the assumption that x — jv ^ ^1 for every 
7 G (0, A]. Let y := X — Xv. Then x = y + Xv. From (11), one has 

T{y) = T{x - Xv) < T{x) + A < oo. 

This implies y € dom T. In this case, we can easily see that < A < T{y). Indeed, let 
rj := T{y). Then y + rjv = x — Xv + rjv = x — {X — rfjv G 0. This implies X — 1] ^ (0, A], so 
X < rj = T{y). Applying (9), one has T{x) = T{y) — A = T{x — Xv) — A, and the second 
equality follows. 

The inequality (10) follows from (11). Let us prove that the equality holds if i; G 0,^0. 
There is nothing to prove if T{x) = oo. Consider two cases T(x) > t and T(x) < t. In the 
first case, one has 

x + tv + (r(x) -t)v = x + T{x)v € n. 

Thus, T(x + tv) < T{x) — t, and the conclusion holds. In the second case, one has x + tv = 
X + T(x)v + (t — T(x))v G O + r^oo = ^- Thus, T{x + tv) = 0, and the conclusion also holds. 
□ 

Corollary 2.9 Assume that there exist x G andt > such that x+tv G but [x,x+tv] % 
$7. Then there exists t £ [0,t) such that T is finite and not continuous at x + tv. 

Proof: By hypothesis, there exists £ (0, t) such that x + tQV ^ 0,. Considering the largest 
interval / C [0,t\ containing to £ I such that x + sv ^ 0, for every s G /, we may assume 
that / = (0, t). Thus, for every A G (0, t), we have that x + iv — ^v ^ foic every 7 G (0, A]. 
Using the previous proposition, we get T{x -\-iv — Xv) = T[x + iv) + A = A, and so 

lim Tix + tv) = lirn Tix + tv — Xv) = t / T{x) = 0. 

Therefore, T is not continuous at x. □ 
The next result provides a sufficient condition and a necessary condition for the conti- 
nuity of T at some x G dom T. 

Proposition 2.10 Let x G dom T. If x + {T{x),T{x) + 7)^ C int for some 7 > 0, then 
T is continuous at x. Suppose additionally that v G i^oo- Then T is continuous at x if and 
only if X + {T{x),oo)v C int Q. 
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Proof: Fix any number A such that T{x) < A. We can assume that A < T{x) + 7. Then 
X + Xv £ mt Q. Choose 5 > such that 

X + Xv + 51B C n. 

For any x £ x + 51B, one has T{x) < X. Thus, T is upper semicontinuous at x, so it is 
continuous at this point. 

Suppose that v G ^lcx> and T is continuous at x. Consider A > T{x). Since T is 
continuous at x, there exists 5 > such that whenever x G V := x + 6IB, one has T{x) < X. 
This imphes x + Xv £ il,, so x £ ft — Xv. Thus, V C — Xv or Xv + V = x + Xv + 51B C 0. 
Therefore, x + Xv £ int Vt. □ 

Example 2.11 Let Q := {{x,y) G | y = 0} and let v = (0, 1). Then T is continuous at 
X = (0, —1), but X + {T{x),co)v ^ int fi. 

We end this section with other properties of the directional minimal time function which 
will be used in the next sections. 

Proposition 2.12 For two nonempty closed subsets A and B of X, the following hold: 

(1) If AC B, then Ty{x,B) < T^{x,A) for all x £ X. 

(2) T^,{x + y; A + B) < T^{x; A) + T^{y; B) for all x,y £ X. 

Proof: (1) It is obvious if Ti,{x]A) = 00. Suppose t := Ty{x; A) < 00. Then 

x + tv £ A<Z B. 

Thus, Ty{x;B) < t = Ty{x;A). 

(2) The conclusion if obvious if Ty{x;A) = 00 or Ty{y;B) = 00. In the other case, let 
s := Ty{x;A) and t := Ty{x;B). Then 

x + tv £ A and y + tv £ B. 

Thus, X -\- y + {s -\- t)v £ A + B. This implies 

Ty{x + y;A + B) < s + t = Ty{x; A) + Ty{y; B). 

The proof is now complete. □ 

3 Generalized Differentiation Properties 

In this section, we are going to study generalized differentiation properties of the directional 
minimal time function (1). Various subdifferential structures of variational analysis will be 
employed to study the function. The results from this section will be important for the 
study of Lipschitz continuity of the function in Section 4 and for applications to location 
problems in Section 5. 
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3.1 Fenchel conjugate and subgradients in the sense of convex analysis 

For a function ip : X ^ (—00,00], recall that the Fenchel conjugate of -0 is an extended 
real-valued function on X* defined by 

^p*{x*) := sup{(x*,x) — ip{x) \ x G X}. 

Let us start with a formula for representing the Fenchel conjugate of the directional minimal 
time function (1) in terms of the support function of Q defined on X* by 

o'nix*) := sup{(x*,a;) | oj G Q}. 

Proposition 3.1 The function T is a Isc proper function and 



T*{x*) 



an{x*), if {x*,-v) < 1, 
00, otherwise. 



Proof: The fact that T is lower semicontinuous has been proved in Proposition 2.4. It is 
proper since $7 C dom T. We have the following 

T*(x*) = sup{(x*,x) — T{x) I x G dom T} 
= sup{ {x* , x) — t \ t > 0, x + tv £ il} 
= sup{{x*,u}) +t[{x*,-v) -l]\t>0,u} en} 
= sup{{x*,u}) \uj en} + sup{t{{x* , -v) -1) \ t>0}. 

The formula then follows easily. □ 

Theorem 3.2 Let x e dom T, where n is convex. Then 

\^ N{x + T{x)v,n)n {x* e X* \ {v,x*) = -1} , otherwise. ^ ' 

Moreover, if x en and v e n^o, then 

dT{x) = {x* eX*\ - 1 < (x*, < 0} n N{x; n). (13) 
Proof: Consider x* e dT{x). Then T{x) + T*{x*) = {x,x*). By Proposition 3.1, 

(f , x*) > —1 and T{x) + aQ{x*) = {x, x*) . 
Since x + T{x)v e n, the following holds 

{x, X*) > Tlx) + {x + T{x)v, X*) . 

It follows that 

Tix)[l + {v,x*)]<0. 
Because T{x) > and 1 + {v,x*) > 0, one has 

T{x)[l + {v,x*)] = 0. 



If X G 0, then anix*) = {x,x*), and so x* £ N{x,Q,). If x ^ then T{x) > 0, and so 
1 + (t;, X*) = 0. It follows that 

c^nix*) = {x + T{x)v, X*) , 

and X* G N{x + T(x)v,^). Thus, the inclusion C holds in (12). Conversely, if x G and 
X* G N{x, n) n {x* G X* I (t;, x*) > -1}, then 

r(x)[l + {v,x*)] = and an{x*) = (x,x*) . 

Thus, T(x) + r*(x*) = (x,x*), and so x* G dT{x). If x ^ and x* G iV(x + T{x)v,n) n 
{x* G X* I {v,x*) = -1}, then 

r(x)[l + (t;,x*)] = and an{x*) = {x + T{x)v,x*) . 

It follows that T(x) + T*(x*) = (x,x*), and again x* G dT{x). 

Under the condition v G Oqo, one sees easily that {x*,v) < for every x* G N{x;Q). 
Thus, equality (13) follows. □ 

Proposition 3.3 Let x G where Q is convex and X is a Banach space. Then 

d°°T{x) = N{x, n) n {v}+ = N{x, domT). 
Moreover, if v £ ^oo, then 

d°°T{x) = N{x, n) n {v}^ = N{x, domT). 

Proof: Fix any x* G d°^T{x). Then there exist sequences Xk ^ x, | 0, A^x^ x* 

such that x^ G dT{xk). Let Xk := x^ + T{xk)v G 0. By Theorem 3.2, x^ G N{xk'-, ^) and 

(x^, — < 1 (the equality holds if Xfc ^ 0). Then AfcX^ G N{xk', and (A^x^) is a bounded 

sequence as X is a Banach space. Since x^ := x^ + T{xk)v — )• x, one has x* G N{x;VL). 

Moreover, (A^x^, —v) < A^, and hence (x*, —v) < 0. It follows that x* G {v}^ . Now fix any 

X* G A^(x, $7) n {v}^. Then kx* G iV(x; $7) and {kx*, -v) < < 1 for every k. By Theorem 

1 

3.2, kx* G dT{x), and hence x* G -dT{x). By definition, x* G a°°r(x). 
We have seen that domT = — ]R_|_t>, and so 

X* G iV(x,domr) <^ (x - ti) - x,x*) < Vx G il, t > 

<;4> (x - X, X*) < Vx G and {v, x*) > 0. 

This implies A^(x,domT) = N{x,Q,) H {v}^ . 

The proof for the second equalities under the condition v G ftoo follows from the last 
observation in the proof of Theorem 3.2. □ 

Proposition 3.4 Let x G domT\ fi, where Q is convex and X is a Banach space. Then 

5°°r(x) c N{x + T{x)v, n) n {v}^. 

Moreover, if dT{x) is nonempty, then equality holds. 
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Proof: Let x* G d°°T{x). Then there exist sequences — t- x, J, 0, A^x^ — ?• x* such that 
x^ G dT{xk) for /c > 1. Since T{xk) — )• 7'(x) > 0, we may assume that T(xfc) > for A; > 1. 
Let Xfc := Xfc + T{xk)v G f]. Clearly, x^ — )• x := x + T{x)v G il. By Theorem 3.2, 

x^ G N{xk]^) and {v,xl) = —1. 

Because X is a Banach space, we have that (A^x^) is bounded. Prom the inequality 
(x — Xfc, xp < for A; > 1 and x G ri, one has 

(x - Xfc, AfcXfc) < 0. 

This implies (x — x,x*) < for x G f^. As (u, A^xp = — Afc — t- 0, we also have that 
{v,x*) = 0. Therefore, x* G N{x,n) n {v}^. 

Assume now that dT[x) ^ and fix Xq G dT[x). By Theorem 3.2, we have that 
x^ G N{x + T{x)v,Vl) and (f,x^) = -1. Take x* G N{x + T{x)v,Vt) r\ {v}^ . Then 

x% := Xq + kx* G A^(x + T{x)v, il) and {v, x^.) = —1. 

Thus, x^ G dT{x). Taking x^ := x and A^ := 1/k, we obtain that x* G d°°T{x). □ 

Example 3.5 Let Q = 1B{0;V8) in with the Euchdean norm and let v = (1, 1). Por 
X = (—2, —2) G il, using the formula from Theorem 3.2, one has 

dT{x) = {{t,t) I -1/2 < t < 0}. 

Por X = (2, 2), one has 

5r(x) = {{t,t) \t>0}. 

Por X = (—3, —3) ^ f], one has 

9r(x) = {(-l/2,-l/2)}. 

We end this section with a result referring to the scalarization function ip given in (2). 
The result is immediate from Proposition 3.4 and Theorem 3.2, using Remark 2.5. 

Corollary 3.6 Let x G X satisfy f{x) G M, where Q is convex. Assume that v G Oqo. 
Then 

difix) = N{x + ip{x)v; n) n {x* G X* \ {x*,v) = -1}. 
Moreover, if X is a Banach space, then 

d°^ip{x) C N{x + ip{x)v; n) n {v}^, 

and the equality holds if dip{x) / 0. 
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3.2 Dini-Hadamard directional derivatives and subgradients 

Let ijj : X ^ (—00,00] be a function and let x G dom ip. The Dini-Hadamard directional 
derivative of the function at x in the direction u is given by 

ip [x,u) := liminf . 

t— >0+, v^u t 

If Ip is Lipschitz continuous around x, the Dini-Hadamard directional derivative coincides 
with the (lower) Dini directional derivative 

t->-o+ t 

Let X S ri. The Bouligand contingent cone to $7 at x, denoted by K{x;n), is the set of 
d G X such that there exist sequences — )• 0^ and ^ d with x + tkdk G ^ for every k. 
It is well-known that K{x;Q) is a closed cone. Moreover, iC((x, '(/'(x)); epi V') = epiV''(2;; •) 
if X G dom ip. 

We also define the Dini-Hadamard normal cone 

A^-(x; Q) := {x* £ X* \ (x*, d) < for ah d G K{x; Q)}, 
and the Dini-Hadamard subdifferential oi at x 

d-ip{x) = {x* £ X* I {x*,h) < ip'{x;h) for aU h G X}. 
Lemma 3.7 Let x G 0. Then 

T'{x;h) =n{h;K{x;n)). 

Proof: Let x £ Q. Set A := T'{x,u); because T{x) > T{x) = for every x G X, we have 
that A > 0. If A = +00, we have clearly that T^{u, K{x,n)) < T'{x,u). Assume that 
A < 00. Then there exist sequences ^ u and tk — )• 0+ such that 

Afe := [T(x + tkUk) - r(x)] = t^^r(x + tkUk) A. 

In particular, we may assume that Afc G M-f for A; > 1. It follows that x + tk{uk + \kv) G fi, 
whence u + Xv £ K{x, VL), and so T^(ti, K{x, il)) < A. Therefore, r„(u, K{x, Q)) < T'{x, u). 

Conversely, set A := Ty{u, K{x,Q,)) £ [0, 00]. Assume that A < 00. Then u + Xv £ 
K{x,Q,), and so there exist sequences n'^ — )■ u + Xv and tk — )• 0"*" such that x + tku'^. = 
X + tk{u'f^ — Xv) + tkXv G ri for /c > 1. Then T{x + tk{u'f, — Xv)) < t^X. Since T(x) = 
and {u'f^ — Xv) — )■ u, we obtain that T'{x,u) < X. Thus, T'{x,u) < Ty{u,K{x,Q)) for every 
u£X. □ 

Theorem 3.8 For any x G 0, one has 

d-T{x) = {x* I (x*, -v) < 1} n A^~(x; fi). (14) 
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Proof: Fix any x* G (9 T{x). By the definition and Lemma 3.7, 

{x*,h) < T'{x;h) = %{h;K{x;n)) for all heX. 

For h = —V, one has {x* , —v) < Ti,{—v;K{x;Q)) < 1 since € K{x;n). Moreover, for all 
h € K{x; i}), one has 

{x*,h) < T„{h;K{x;n)) = 0. 

Thus, X* E N~{x;n). 

Now suppose that {x* , —v) < 1 and x* G N~{x; i}). For any h £ X, let us show that 

{x*,h) < T'{x;h). 

The inequality holds obviously if T'{x; h) = oo. Consider the case where 

t := T^{h\K{x\VL)) < oo. 
Then h + tv £ K{x; Q). Thus, {x* , h + tv) < 0. This implies 

{x\h) < t{x*, -v) <t = %{h- K{x- n)) = r'(x; h). 
Therefore, x* G d~T{x), and (14) has been proved. □ 
Lemma 3.9 Let x E domr\f] and let x := Il^{x;Q). Then 

T\x,u) < ipy{u, K{x,Q,)) for every u £ X. 
Moreover, equality holds for those u £ X with T'{x,u) / — oo. This equality also holds if 

V £ Qoo- 

Proof: Assume that ipy{u, K{x,Q)) < A € M. Then there exists /i £ (— oo,A) such that 
u + fj,v £ K{x,Q), and so there exist (uj.) u + fiv and (t^) — 0"^ such that x + tku'f^ = 
X + tk{u'i^ — fiv) + (T(x) + tkfJ')v £ Q ior k > 1. Since T{x) > 0, there exists ko > 1 such 
that T{x) + tkfi > for k > k^. It follows that 

T{x + tk{u^ - nv)) < T{x) + tkii. 

Since u'^ — fiv ^ u, one has T'{x,u) < fi < X. Thus, T'{x,u) < ipv{u, K{x,Q,)). 

Assume now that A := T'{x,u) £ M. Then there exist sequences ^ u and — )■ O'^ 
such that Afc := [T{x + tf^u^) — T{x)] — >• A. In particular, we may assume that A^ G M 
for k > 1. It follows that 

X + T{x)v + tk{uk + \kv) = X + tkUk + [T{x) + ifcAfc] v £VL. 

Since {uk+\kv) — )■ u+\v, we have that u+\v £ K{x+T{x)v, 0), and so ipv{u, K{x, il)) < A. 
The conclusion follows. 

The proof of the equality in the case where v £ floo is left for the readers. □ 

A function ip : X ^ {—oo, oo] is called calm at x G dom ip if there exist constants i > 
and 5 > such that 

\tp{x) - ip{x)\ < £\\x - x\\ for ah x £ lB{x; 6). 
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We also say that ip is lower calm at x if there exist constants i £ JR and 6 > such that 

■0(3;) — ip{x) > i\\x — x\\ for aU x G IB{x; 5). 

It is obvious that if i{j is Lipschitz continuous around x, then it is (lower) calm at every 
point in a neighborhood of x. 

Corollary 3.10 Let x G domT\ Q and let x := Ilv{x; Suppose that T is lower calm at 
X. Then 

T'{x, u) = ifviw, K{x, $7)) for every u £ X. 

Proof: By definition, 

^ , r T(x + tv) -T(x) , , it\\v\\ „ 
T'{x;u)= liminf — ^ ^ ^> liminf —^ = i\\u\\>-oo, 

t— >-0+, ti— t t— >0+, v—>-u t 

where £ is a constant. The equality then follows directly from Lemma 3.9. □ 
Theorem 3.11 Let x G domT\ Q and let x := Il^{x;il.). Then 

d-T{x) C {x* G X* I (x*, -v) = 1} n iV~(x; 0). 
r/ie opposite inclusion holds ifT is lower calm at x. 
Proof: Fix any x* G d~T{x). By Lemma 3.9, 

{x\h) < T'{x;h) < ip^{h, K{x,n)) for ah h£ X. 

A similar argument to the proof of Theorem 3.8 gives us {x* , —v) < 1 and x* G N~{x; Q). 
We also have, using Proposition 2.8, that 

/* \/^//- N/,- . ,T{x + tv)-T{x) . T{x)-t-T{x) 
(x*,v) < T'ix.v) < hmmf — ^ — = limmf — — = -1. 

Thus, (x*,-7;) = 1. 

Let us prove the opposite inclusion under the lower calmness; hence T'{x,h) > — oo for 
ah h £ X. Fix any x* G X* such that {x*, —v) = 1 and x* G N~{x; $7). We will show that 

{x*,h) < T'{x;h) for all h£X. 

Fix any h £ X. The inequality obviously holds when T'(x; /i) = +oo; so, assume that 
T'{x;h) £ M. By Corollary 3.10, 

h + T'{x;h)v £ K{x,n). 

It follows that 

{x*,h + T'{x;h)v) < 0. 

Thus, 

{x*,h) < T'{x;h){x*,-v). 

Therefore, {x*,h) < T'{x;h), and hence x* £ d~T{x). □ 
The result referring to ip^{-;Q) which corresponds to Corollary 3.10 and Theorem 3.11 
is the following. 
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Corollary 3.12 Assume that v £ floo <ind x £ X is such that ^{x) G M, where := 
If Lp is lower calm at x, then 

(p'{x; u) = ipi,{u; K{x + (p{x)v, Q)) for every u £ X, 

and 

d-ip{x) = N-{x + ip{x)v- n {x* G X* I {x\ -v) = 1}. 
3.3 Holder and Prechet subgradients 

Let il) : X ^ {—<X),oo\he a.ii extended real- valued function and let x G dom ifj. Given s > 0, 
an element x* G X* is called an s— Holder subgradient of the function at x if there exist 
(5 > and o" > such that 

(x*, X — x) < ip{x) — 'il}{x) + (t\\x — xll^"'''' for all x G IB{x\ 5). 

The set of all s— Holder subgradients of the function at x is called the s— Holder subdiffer- 
ential of the function at this point and is denoted by dsip{x). 

Similarly, the s— Holder normal cone to a set at x G is the set of all x* G X* such 
that there exist 5 > and o" > such that 

(x*,x - x) < (t\\x - x\\^^^ for ah x G B{x]5) n 9.. 

In the case where s = 1 and X is a Hilbert space, these structures reduce to the proximal 
subdifferential and proximal normal cone, respectively; see [4]. 

Proposition 3.13 For any x £ Vt, one has the following representation of s— Holder sub- 
gradients: 

dsT{x) = {x* G X* I (x*, -v) < 1} n iV,(x; Q). (15) 
Suppose additionally that v G iloo- Then 

dsT{x) = {x* gX* I -1 < {x*,v) < 0}n7V,(x;O). (16) 

Proof: Fix any x* G dsT{x). Then there exist 6 > and a > such that 

(x*, X — x) < r(x) — r(x) + a\\x — x||"^^'* for all x G IB{x; 6). 

Since T{x) = for all x G f^, one has 

(x*,x - x) < a\\x - x||^+'' for ah x G B{x]5) n 9.. 

This implies x* G Ns{x; il). Since x — tv £ ]B{x; 6) for t > sufficiently small, one has 

(x*, -tv) < T{x - tv) + at^+^lluf < t + at^+'\\v\\^+'. 

It follows that 

{x*,-v) < 1 + at'\\v\\^+\ 
Letting t — t- 0, one has (x*, —v) < 1. The inclusion C in (15) has been proved. 
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Now fix any x* G X* such that (x*, —v) < 1 and x* £ Ns{x; il). Then there exist 5 > 
and fj > such that 

{x*,x - x) < a\\x - for all x £ B{x]5) n 0. 

Suppose by contradiction that x* ^ dsT{x). Then there exist sequences 0"^ — )• oo and 
Xk ^ X such that 

{x*,Xk - x) > r(xfc) + ak\\xk - x||^+'* > T{xk) =: tfc- 

This implies — )• as — )■ oo and x^ ^ x for every /c. Moreover, < ||x*|| \\xk — x\\. Let 
Xk '■= Xk + tkV G ri. For sufficiently large k, one has 

(x*,Xfc -x) < < a(||xfc - x|| + tfc||i;||)^+" < a{l + ||x*|| ||'(;||)i+"||xfc - xf +^ 

We also have 

(x*,Xfc - X) = (x*,Xfc - X) + tk{x*,v) > (x*,Xfc - X) -tk> 0-fc||Xfc - x||^+^ 

It follows that for sufficiently large k, 

ak\\xk - xf < cr(l + ||x*|| ||7;||)^+'||xfc - xf +^ 

which implies < cr{l + ||x*|| ||f H)"^"^*- We have arrived at a contradiction since — ?• oo. 

Suppose now that v G iloo- Using x := x + tv £ ]B {x; 6) for t > sufficiently small, we 
arrive at {x*,v) < 0, and hence (16) holds. The proof is now complete. □ 

Theorem 3.14 For any x G dom T\^l, one has the following representation of s— Holder 
subgradients: 

dsT{x) C {x* G X* I {x*,v) = -l}niV,(x;fi), 
where x := n^(x;f^). Suppose further that T is lower calm at x. Then 

dsT{x) = {x* G X* I {x*,v) = -l}r\Ns{x;n). 

Proof: Fix any x* G dsT{x). Then there exist 6 > and cr > such that 

(x*, X — x) < T(x) — T(x) + a\\x — xH^"*"* 

for all X G lB{x;5). Since ft is closed, we can assume without loss of generality that 
]B{x; (5) n = 0. Choose t > sufficiently small so that x — tv £ ]B{x; 5). Then (using also 
Proposition 2.8) 

(x*, (x - tv) - x) < r(x - tv) - T{x) + at^+'\\v\\^+' < T{x) + t - T{x) + (jt^+'\\vf+' . 
This implies 

{x\-v) <l + af\\v\\^+'. 
Thus, (x*, —v) < 1. Using x + in a similar way, one has (x*, —v) > 1. 
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Fix any x G O with ||x — x\\ < 6. Then \\x — T{x)v — x\\ < 5. Let t := T(x). Using 
X — tv + tv £ one has 

{x* ,x — x) = {x* ,x — tv — x) 

< T{x - tv) - Tlx) + a\\x - x||^+^ 

<t-T{x)+a\\x-S:\\^^'' 

= a\\x - x\\^^^. 

Thus, X* e Ns{x;n). 

Let us prove the opposite inclusion under the calmness of T. Let ^, 5 > be such that 

T{x)-T{x)>-i\\x-x\\ yx£B{x,5). (17) 

Take x* G Ns{x; J7) with {x*,v) = —1. Then there exist a > and 5' > such that 

{x*,u-3:) <a\\u-x\\^^' yueB{3:,6'). (18) 

Assume that x* ^ dsT{x). Then there exists a sequence (xk) C B{x,5) such that — )• x 
and 

{x* ,xi^ — x) > T{xf:) — T{x) + k\\xf: — x\\^~^^ yk>l. (19) 

From (17) and (19) we obtain that \T{xk) — T{x)\ < i' \\xk — x\\, where i' := max(£, ||x*||), 
and so T{xk) — )■ T{x). Set Uk '■= x^ + T{xk)v G il; clearly, Uk — )• x, and so Uk G -6(5;, 5') for 
k > ko with /cq > 1 fixed. It follows that for k > ko we have 

{x*,Xk - x) - [T{xk) - T(x)] = (x*,nfc - x) < - x||^^'' 

= a \\xk - X + [r(xfc) - T(x)] 
<a(l+/||^;||)l+^||xfc-xf+^ 

Using (19) we get 



llxfc - xf +^ < (x*, xfc - x) - [r(xfc) - r(x)] < a(l + / \\v\\f+' -ii^+* 



for k > ko, whence the contradiction k < a{l + i' ||'w||)^''''' for every k > k^. Hence x* G 
dsT{x). □ 
Similar proofs yield the representations below for Frechet subgradients of the directional 
minimal time function (1) in both in-set case and out-of-set case. 

Proposition 3.15 For any x € Q, one has the following representation of Frechet sub- 
gradients: 

dT{x) = {x* G X* I (x*, -v) < 1} n iV(x; fl). (20) 
Suppose additionally that v G ^oo- Then 

dT{x) = {x* G X* I -1 < {x\v) < 0} n N{x; 17). (21) 
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Theorem 3.16 For any x £ dom T one has the following representation of Frechet 
suhgradients: 

dT{x) C {x* e X* I (x* , v) = - 1} n iV(x; fi) , 
where x := n„(x;i7). Suppose further that Ti,{-]Vt) is lower calm at x. Then 

dT{x) = {x* G X* I (x* , w) = - 1} n iV(x; f]) . 

The result referring to (p^[-]Vt) which corresponds to Theorems 3.14 and 3.16 is the 
following. 

Corollary 3.17 Assume that v G i^oo, x £ X is such that (p{x) G M, where (p := (py{-;n), 
and s > 0. Then 

dsfix) C {x* G X* I {x*,v) = -1} n Ns{x + ip{x)v; Q), 

and 

dip{x) C {x* G X* I {x\v) = -1} n N{x + ip{x)v; O). 
Moreover, if is lower calm at x, then equalities hold in the previous two inclusions. 

3.4 Limiting Subgradients 

Theorem 3.18 For any x £ il., one has the following representation of limiting sub- 
gradients: 

dT{x) = {x* G X* I (x*, -v) < 1} n iV(x; Q). 

Proof: Fix any x* G dT{x). Then there exist sequences x^ x* and x^ x with 
x*^ G dT{xk). Let x^ := n„(xfc;il). Then x^ x and x^ G iV(xfc;il). This implies 
X* G N{x;^l). In both cases: x^ G ri and x^ ^ fi, we always have (x^,— < 1. Thus 
{x*,-v) < 1. 

Let us prove the opposite inclusion. Fix x* G X* with (x*, —v) < 1 and x* G N{x; fi). 
Then there exist sequences x^ x* and Xk x with x^ G A^(xfc;r2). Define 7^ := 
{xl.,—v). If 7fc < 1 for a subsequence (without relabeling), then x^ G dT{xk), and hence 
X* G dT{x). So we can assume 7^ > 1 for every k. Clearly, 7fc — )• 7 := {x*,—v) = 1. Let 

X* := Then xt G 9r(xfc). So again, x* G (9r(x). □ 

7fc 

We say that Q satisfies property P around x with a radius r > if there exists a 
neighborhood y of x such that x — tv ^VL for all t G (0, r] and for all x G F H bd 

For example, if is the epigraph of a continuous function : X ^ (—00,00] and 
V = (0, 1), where is the zero element of X, then property P is satisfied. 

Theorem 3.19 For any x G dom T \ $7, one has the following upper estimate of limiting 
suhgradients: 

dT{x) C {x* £ X* \ {x\v) = -I] r\ N{x; Q), 
where x := n^(x;0). Suppose further that T is lower calm around x. Then 

dT{x) = {x* £ X* I {x\v) = -1} n N{x; Q), 

under the assumption that 0, satisfies condition P around x with the radius r = T{x). 
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Proof: Fix any x* G dT{x). Then there exist sequences x^ ^ x with T{xk) — )• T{x) and 
x*^ X* with G dT{xk)- Under the assumption made, {x1.,v) = —1 and G N{xk; fi) 
for sufficiently large /c, where Xk '■= Xk+T{xk)v G (see Theorem 3.16). Then {x*,v) = —1. 
Clearly, Xk x. Thus, x* G A^(x;0). The first inclusion has been proved. 

Let us prove the opposite inclusion. Fix any x* G X* with {x*,v) = — 1 and x* G 
N{x;Q). Then there exist x^ x and x'^ G N{xk;^) with rr^ x*. Let 7^ := —{x^,v). 

Then 7^ — )■ 1 as /c — )• 00. For sufficiently large k, let := — . Then {x'^,v) = —1 and 

7fe 

G N{xk;i^) by the cone property of the Frechet normal cone. Clearly, xj. belongs to 
the boundary of Let x^ := x^ — rv. Under the P property, and using Proposition 2.8, 
we have that T[xk) = r and Il{xk;i^) = x^- Thus, by Theorem 3.16, G dT{xk)- Since 
Xk — > X, one has x* G dT{x). □ 

Theorem 3.20 For x G 0, one has 

d^T{x) = {v}+ nN{x;n). 

Proof: The proof of C follows directly from the definition of singular subgradients and the 
proof of Theorem 3.19. Let us prove the opposite inclusion. Fix any x* G {v}~^ D N{x; il.). 
Then there exist Xk -H- x, x^ x* such that x^ G N{xk;^); clearly Xfc x. Set 
Hk ■= {xl,v) — > {x*,v) > 0. If ^fc ^ for a subsequence (without relabeling), then 
{kx\,v) > > —1, and hence kx^. G dT{xk)- This implies x* G d°°T{x). In the contrary 

case fik < for every k, and so := —fik i 0. Then {-r^,v) = —1, and so — ^ G dT{xk). 
Then, by definition, again x* G d°^T{x). □ 
The proof of the theorem below is also straightforward. 

Theorem 3.21 For any x G dom T\Q, one has 

d°°T{x) C {v}^ n N{x + T{x)v; Q). 

4 Lipschitz properties of directional minimal time functions 

In this section, we are going to study Lipschitz properties of the directional minimal time 
function (1). Necessary and sufficient conditions for globally Lipschitz property and locally 
Lipschitz property/Lipschitz continuity will be established. 

Proposition 4.1 Suppose that v G int ^00 ■ Then T is globally Lipschitz with Lipschitz 
constant 

i := inf{r-i | r > 0, lB{v; r) C f]^} = , ]^ ^ . . 

dist(i', bd iioo) 

Proof: Let K := Qqo. We first show that dom T„(-; O) = X. Indeed, since v G int K, 
dom Tv{-]Vt) = Q, — span {v} = Vt +[K — span {v}] = + X = X. 
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It follows from Proposition 2.12 (2) that 

mx;n + K) < %{y-VL)+%{x-y-K). 

Then 

T^{x] 9) < T.„{y\ 9) + T^{x - y; K). 

This implies 

T^{x;9)-%{y;n)<%{x-y;K). (22) 

Fix any r > such that ]B{v; r) C K. Then iB(0; r) K — v. We have the following for 
u ^ K hy the cone property of K 

%{u; K) = inf{t >Q\u + tv^K} 
= inf{t > I n G t{K - v)} 
< inf{t > I n G tiB(0;r)} = ||r"^ti||. 

Since Ty{u] K) = < r~^||u|| for u ^ K, one has 

%{u\K) <r-^\\u\\ yueX. 

It follows from (22) that 

mx;n)-T^{y;n)<T^{x-y;K)<£\\x-y\\. 

That implies 

\my;n)-T^{x;n)\ <^||x-y||. 
The proof is now complete. □ 

Proposition 4.2 The function T is finite-valued and Lipschitz if and only if v £ int ■ 

Proof: Suppose T is finite- valued and Lipschitz. Then v G r^oo- Otherwise, there exist 
X £ Q and t > such that x + tv ^ il. Because x + tv £ X = domT = — M+v, there exists 
s > such that x + tv + sv £ Q. Taking t := t + s and using Corollary 2.9, we get some 
to G [0, t) such that T is not continuous at x + tQV, contradicting our hypothesis. Therefore, 

V £ Ooo- 

Let ^ > be the Lipschitz constant of T, that is 

\T{x) - T{y)\ < £\\u - v\\ for ah x,y £ X. 

We are going to show that v + -IB £ Q^o. Indeed, fix an e G -iB. Using Proposition 2.8, 
for any x £ 9 and t > 0, one has 

T{x + t{v + e)) = T{x + te + tv) = max{r(x + te) -t,0} < max{T(x) + te\\e\\ - t, 0} < 0. 

This implies x + t{v + e) £ 9. Thus, v + e £ Qoo- 

The converse follows from Proposition 4.1. □ 

In what follows, we are going to characterize the Lipschitz continuity of the minimal 
time function (1) using both direct and generalized differentiation approaches. 
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Lemma 4.3 Suppose that T is Lipschitz continuous around x := n„(x;r2), where x E 
domT. Then T is Lipschitz continuous around x. Moreover, the converse holds if v E: ^cxd* 

Proof: By hypothesis, there exist ^ > 0, 5 > such that T is finite on ]B{x; 6) and 

\T{x)-T{y)\ <^||x-y|| for all x, y G 5). 

If x G J7 the conclusion is obvious. In the contrary case take < e < min{r(3;), 5/(1 + ||f ||)}. 
Then there exists 5' G (0,e] such that T{x) > t := T{x) — e > for every x G B{x;6'). 
Then for x G B(x;6') we have that 

||(x + tv) - x\\ = ||(x - x) - ev\\ < e{l + \\v\\) < 6, 

and so x + tv £ iB(x; 6), and T(x + tv) = T[x) — t (by Proposition 2.8). It follows that 

|r(x) - T{y)\ = \T{x + tv) + t- T{y + tv) - t\ = \T{x + tv) - T{y + tv)\<l \\x - y\\ 

for X, y G B{x; 5'). 

Assume that v G Q-oo and that T is Lipschitz around x. Let x ^ Q. Using (6) (see 
also Remark 2.5), we obtain that ip is Lipschitz around x. Using now (7) we obtain that (p 
is Lipschitz around x. Using again (6) we get the Lipschitz continuity of T. The proof is 
complete. □ 

Lemma 4.4 Let x G dom T. The function T is Lipschitz continuous around x if and only 
if there exist i > and 6 > such that 

T{x + u)< i\\u\\ for all u e 61B and x e B{x; 6). (23) 

Proof: The implication =^ is obvious. Assume (23) holds for £ > and 5 > 0. Consider 
5' := 5/{2+l\\v\\) and take u,u' G 5'B. Then \\u-u'\\ < 26' < 6 and T{x + u) < 15'. We 
may assume that (£5' >) T(x + n) > i := T(x + u') (> 0). Using Proposition 2.8, we have 
that r(x + u + tv) = T{x + u) -t. Since ||u + tv\\ < 5' + t \\v\\ < 6' {I + £ \\v\\) < 5 and 
X + u' + tv e fin ]B{x; 6), using (23) we get 

\T{x + u) -T{x + u) \ = T{x + u) -t = T{x + u + tv) <£\\u-u'\\. 

Therefore, T is Lipschitz on IB{x; 5') with the same constant i. □ 

Recall that Q is epi-Lipschitz at x G X in the direction t; 7^ if there exists 5 > such 
that for all Lo £ Q f] lB{x;6), u G lB{v;6), and A G [0,5], one has uj + Xu £ Q; see, e.g., 
[10, 11]. 

Theorem 4.5 Let x G ^2. If il. is epi-Lipschitz at x in the direction v, then T is Lipschitz 
continuous around x. Moreover, the converse holds if v £ • 



Proof: We only need to show that (23) holds for some i > and 6 > 0. Under the epi- 
Lipschitz condition, we see that T is finite around x. By contradiction, there exist Vk — ?• 0, 

n _ . 
Xfc — > X and 

T{xk + Vk) > k\\vk\\. (24) 
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Then Vk ^ for every k. With the same notation in the definition of the epi-Lipschitz 
property, one has that 

Xk + t{v + e) £ Q, for t £ [0, 6], \\e\\ < 5 and sufhciently large k. 

This imphes T{xk + te) < t. Thus, 

T(xk + "ffc) = T(xk + -^^—^71 — 17 ; ^) < ^^—^ for sufficiently large k. 

\\vk\\ 

Comparing with (24), we have arrived at a contradiction. 

Suppose that T is Lipschitz continuous around x £ dom T and v £ fioo- Suppose by 
contradiction that Q is not epi-Lipschitz around x in the direction v. Then there exist 
sequences Xk — )■ rr, Ufc — )• 0, tk — )■ 0, tfc > 0, such that Xk + tk{uk + v) ^ $7. Then 
tk < T{xk + tkUk) because v £ Ooo- So 

tk < Tixk + tkUk) = T{xk + tkUk) - T{xk) < itk\\uk\\. 

Since Uk — ?• 0, we have arrived at a contradiction. □ 

Corollary 4.6 Let x ^ such that T{x) is finite and let x := n(x; Q). IfVl is epi-Lipschitz 
at X in the direction v, then T is Lipschitz continuous around x. Moreover, the converse 
holds if V £ Vtoo- 

Proof: The implication =^ follows directly from Theorem 4.5 and Lemma 4.3. 

Let V £ r^oo and assume that T is Lipschitz continuous around x. By Lemma 4.3 we 
have that T is Lipschitz continuous around x G By Theorem 4.5 we obtain that is 
epi-Lipschitz at x in the direction v. □ 

In [11, Theorem 7], a necessary and sufficient condition for the Lipschitz continuity of 
the scalarization function was proved under the free-disposal condition, that is + P = 
for some closed convex cone P with v £ P. Notice that in Theorem 4.5 and Corollary 
4.6, the free-disposal condition is not required to prove the sufficient condition for Lipschitz 
continuity of the directional minimal time function (1). The proof of [11, Theorem 7] is not 
applicable to our results since it is based on time property from [12, Theorem 2.3.1], which 
is not satisfied by the directional minimal time function. 

In the theorem below, we are able to fully characterize the Lipschitz continuity of the 
directional minimal time function (1) without using the free-disposal condition. For sim- 
plicity, we present our results in finite dimensions. 

Theorem 4.7 Let X be a finite dimensional space and let x £ domT. 

(1) Assume that x £ ft; then T is Lipschitz continuous around x if and only if {v}^ D 
N{x;n) = {0}. 

(2) Assume that x ^ Q and set x := Il(x;^}). If {v}^ D N{x;Q) = {0}, then T is 
Lipschitz continuous around x. The C071V6TS6 holds tvUC ifv^ ^oo' 
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Proof: (1) On one hand we have 9°°T(x) = {v}^ D N(x;Q) by Theorem 3.20. On the 
other hand, by [10, Theorem 9.13], we have that T is Lipschitz continuous around x iff 
d°°T{x) = {0}. The conclusion (i) follows. 

(2) In this case we have d°°T{x) C {v}'^r]N(x; 0,) by Theorem 3.21, and so T is Lipschitz 
continuous around x as in (i). Assume that v £ Q^o and T is Lipschitz continuous around 
X. By Lemma 4.3, we have that T is Lipschitz continuous around x G Q. By (1) we obtain 
that {v}^ nN{x;n) = {0}. □ 

Example 4.8 (1) Let Q := £M? \ y> -\x\} and let v = (0, 1). Then T is Lipschitz 

continuous at x = (0, 0) G O since the condition {v}~^ R A''(x; Q) = {0} is satisfied. 

(2) Let n := {{x,y) G | y > -|x|^/2} ^nd let v = (0,1). Then T is not Lipschitz 
continuous at x = (0, 0) G O since the condition {v}~^ n A^(x; Q) = {0} is violated. 

(3) The converse of Theorem 4.7 (2) does not hold true in general. Indeed, let v = (0, 1) 
and 

n := {(x, y) G I y = 0} U {(x, y) G | x = 0, y > 0}. 
Then T is Lipschitz continuous around x = (0, —2) ^ Q. However, 

n iV(x; n) = {{x,y)eR^\y = 0}^ {0}. 

5 Applications to location problems 

In this section, we are going to apply the results obtained previously to study directional 
location problems. To the best of our knowledge, the location model of this type has not 
been considered in the literature. 

Given the nonempty closed target sets ili for i = 1, . . . ,n and n directions Vi ^ for 
i = 1, . . . ,n, and given a nonempty closed constraint set Oq, find a point x G rig such that 
the sum of the times to reach the target sets is minimal. The optimization model is 

n 

minimize S{x) := ^^T„^(x;r2j) subject to x G ^Iq- (25) 
i=l 

It is clear that 

dom S = n^^^dom T„^(-;f^j) = r]f=i[^i - cone{t;i}]. 

Proposition 5.1 Suppose dom S Dflo ^ 9- Then the optimization problem (25) has an 
optimal solution under one of the following conditions: 

(1) At least one of the sets among for i = 0, 1, . . . , n is compact. 

(2) X is a reflexive Banach space, ilj for i = 0, 1, . . . , are convex and at least one of them 
is hounded. 

Proof: Under the assumptions made, one has 

7 := inf{S'(x) | x G VLq} < oo. 

Let us first suppose that (1) is satisfied. In the case where the constraint Qq is compact, an 
optimal solution exists by the classical Weierstrass theorem since S is lower semicontinuous. 
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Suppose without loss of generality that Qi is compact. Let (xk) C be a minimizing 
sequence. That means S{xk) — )• 7 as A; — )• oo. Thus, Tyj^{xk;^i) < 7 + 1 for sufficiently 
large k. For tk := Tyj^{xk;^i), one has 

Xk + tkVi G r^i. 

Since Oi is compact, it is clear that (xk) has a convergent subsequence (without relabeling) 
to X £ Qq. Since S is lower semicontinuous, 

S{x) < liminf 5(xfc) = 7. 

k—>oo 

Therefore, x is an optimal solution of the problem. 

In the case where (2) is satisfied, we use a similar argument using the observation that 
S is weakly lower semicontinuous since it is convex and lower semicontinuous. Moreover, 
every closed bounded convex set in a reflexive Banach space is weakly sequentially compact. 

□ 

Theorem 5.2 Suppose that il.Q is convex and that are strictly convex for i = 1, . . . ,n, 
n > 2. Suppose that any interval [x,y], x,y £ Qq, x^y, does not intersect at least two sets 
among for i = 1, . . . ,n. Suppose further that any set of two vectors {vi,Vj}, i 7^ j, is 
linearly independent. Then the optimization problem (25) has at most one optimal solution. 

Proof: We will show that S is strictly convex on Qo dom S. Suppose by contradiction 
that there exist a,b £ il.Q D dom S, a ^ b, and t G (0, 1) such that 

S{ta + (1 - t)b) = tS{a) + (1 - t)S{b). 

This implies 

Ty, [ta + (1 - t)b) = tn^ (a) + (1 - t)n^ (6) for alH = 1, . . . , n. 

Suppose [a, b]riQi = and [a, 6]nOj = for i 7^ j. Then b—a£ span {vijnspan {vi} = {0}, 
so a = 6 by Proposition 2.7, which is a contradiction. □ 

In what follows we are going to establish necessary and sufficient optimality condition 
for problem (25). For every u £ X, define 

I{u) := {i G {1, . . . , n} I u G Oj}, 

and 

J{u) := {i G {1, . . . , n} I n ^ rjj}. 

Theorem 5.3 Let X be an Asplund space (see [7] for the definition). Consider the op- 
timization problem (25). Suppose that x £ Qq is an optimal solution of the problem and 
Ty^{-\ ilj) is Lipschitz continuous around x for all i = 1, . . . ,n. Then there exist x* G X* 
with the following properties: 

(1) X* G N{xi; Cli), where xi := n(x; Oj) for i = 1, . . . ,n. 

(2) {x*, -Vi) < 1 for all i G I{x) and {x*,Vj) = -1 for all j G J(x). 

(3) -E-=i^l^N{x;no). 
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Proof: It is clear that x E is an optimal solution of the optimization problem (25) if and 
only if it is a solution of the following unconstrained optimization problem: 

minimize S{x) + 5(x; ^0)1^ £ (26) 
where 5{-;flo) is the indicator function associated with given by 

if x € J7o) 
00 otherwise. 

Since each function r„-(-; Qj) is Lipschitz continuous at x, using the limiting subdifferential 
sum rule from [7, Theorem 3.36], one has 

n 

G d[S{-) + 6{-, no)]{x) = J2 dn,{x; Qi) + N{x; Oq) 

1=1 

Then there exist x* € dTy^{x; Oj) such that 

n 
i=l 

Finally, the x* for i = 1, . . . ,n satisfy (1) and (2) by Theorems 3.18 and 3.19. □ 

In the convex case, we are able to obtain necessary and sufficient optimality conditions 
under less restrictive assumption as in the theorem below. 

Theorem 5.4 Let X be a normed linear space and let Jlj for i = l,...,n and Oq he 
convex sets. Consider the optimization problem (25). Suppose that there exist an element 
u G dom Snf^o o-t which all functions Ty^(-;Qi) are continuous. If x is an optimal solution 
of the problem, then there exist x* S X* with the following properties: 

(1) X* G N{xi; Qi), where Xi := n(x; ilj) for i = 1, . . . ,n. 

(2) {x*,—Vi) < 1 for all i G I{x) and {x*,Vj) = —1 for all j G J{x). 

(3) — X^iLi a^j* G N{x;Clo). Moreover, if x £ ^Iq satisfies (1), (2), and (3), then x is an 
optimal solution of the problem. 

Proof: Since 5" is a convex function and f^o is a convex set, following the proof of Theorem 
5.3, one sees that x G Oq is an optimal solution of the optimization problem (25) if and 
only if 

n 

ed[Si-) + 5{-, no)]{x) = dTy^ (x; + N{x- Qo). 

i=l 

Then we use the well-known convex subdifferential sum rule and Theorem 3.2 to complete 
the proof. □ 

Remark 5.5 (1) With the available subdifferential formulas for directional minimal time 
functions in the convex case from the paper, we are able to develop a numerical algorithm 
of subgradient type to solve problem (25) when the sets and the directions involved are of 



5{x;Qo) 
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particular shapes. See [2] for more details on the theory of the subgradient method. 

(2) Similar methods can be applied to the generalized Sylvester smallest enclosing ball 
problem stated as follows: given a finite number of nonempty closed target sets fij for 
i = 1, . . . ,n and n nonzero vectors Vi for i = 1, . . . , n, and a nonempty closed constraint set 
ilo, find a point x £ to place the initial points of the vectors such that the vectors can 
reach all the targets in the shortest time. This problem can be modeled as follows: 

minimize max{T„. {x;Qi) \ i = 1, . . . ,n} subject to x £ Qq. 

References 

[1] Aubin, J.-P, Frankowska, H.: Set- Valued Analysis. Birkhauser, Boston (1990). 

[2] D. Bertsekas, A. Nedic, and Ozdaglar, A.: Convex Analysis and Optimization, Athena 
Scientific, Boston, (2003). 

[3] Clarke, F.H.: Optimization and Nonsmooth Analysis. Wiley, New York (1983). 

[4] Clarke, F. H., Ledyaev, Yu. S., Stern, R. J., Wolenski, P. R.: Nonsmooth analysis 
and control theory. Graduate Texts in Mathematics, 178. Springer- Verlag, New York 
(1998). 

[5] Colombo, C, Wolenski, P.R.: The subgradient formula for the minimal time function 
in the case of constant dynamics in Hilbert space. J. Global Optim. 28, 269-282 (2004). 

[6] Gerstewitz (Tammer), Chr., Iwanow, E.: Dualitat fiir nichtkonvexe vektor- 
ptimierungsprobleme, Wissenschaftliche Zeitschrift der Technischen Hochschule Ilme- 
nau, 31, 61-81 (1985). 

[7] Mordukhovich, B.S.: Variational Analysis and Generalized Differentiation, I: Basic 
Theory, II: Applications, Grundlehren Series (Fundamental Principles of Mathematical 
Sciences), Vols. 330 and 331, Springer, Berlin (2006). 

[8] Mordukhovich, B.S., Nam, N.M.: Subgradients of minimal time functions under mini- 
mal assumptions. J. Convex Anal. 18, 915-947 (2011). 

[9] Mordukhovich, B.S., Nam, N.M.: Applications of variational analysis to a generalized 
Fermat-Torricelli problem. J. Optim. Theory Appl. 148, 431-454 (2011). 

[10] Rockafellar, R. T., Wets, R. J.-B.: Variational Analysis. Springer, Berlin (1998). 

[11] Tammer, Chr., Zalinescu, C: Lipschitz properties of the scalarization function and 
applications. Optimization 59, 305-319 (2010). 

[12] Zalinescu, C: Convex analysis in general vector spaces. World Scienctific, Singapore 
(2002). 



25 



